B.sc(H) part 1 paper 1
Topic:Inverse circular &Hyperbolic
Functions of Complex Quantitie
Subject:Mathematics

Dr hari kant singh

RRS college mokama

1: Inverse circular functions of
complex quantities -

If sin (x+iv)=a +iP, then x+iy is said to be inverse sine
(@ + iB) and is denoted by sin~! (& + iB).
Thus X +iv =sin~! (a +iP) - . el
We have also, '
sin {nm + (-1)"(x + iy) =sin (x + iy) = a + if
nr + (=1)(x + iv) = sin" (o + iB) it 42
Similarly if cos (x + iy) = & + if, then % (6 B 6
cos™a + iB) = 2n7 + (x + i)
or if tan (x + iy) = « + iP, then tan™ (o +iB) = nn + (x + iy) ete.
These results follow from the following considerations which we have
done earlier. ‘ | e
If sin 8 =sin «, then 6 = nt + (-1)"a; | )
if cos 6 = cos a, then 8 = 2nn + a;
if tan 6 = tan q, then 6 = nx + «. ‘
"Hms we find that the inverse circular function of a.corriplex quantity
is a many-valued function. .

The function thus obtained may be described as the general value of
the inverse function. |

The principal value of the inverse funcii i
e, P ue o ; on is obtained by puttin
n = 0 in the general value of the function and is defined as folll)ows :g

The principal valye of sin~1 (@ +iB) is that
nw + (=1)"(x +iy) v(i.e. X +1iy, on putting n = vhoges
between - X and . & o e

2 e

‘ i value of
0) whose real part x lies



=l iB) is that value of 2nn + (x + iy)
srincipal value of cos™" (o + 1
m?c}‘w is such that its real part x (on putting n = 0) lies between 0
v

and .
The principal value of tan~1 (o + iB) is that value of nn + (x + iv)

: 3 n
which is such that its real part x lies between — > and >

2:Inverse Hyperbolic Functions

These are defined in the same manner as inverse circular functions.

If sin hz = w, then z is called the inverse hyperbohc sine of w and is
denoted by sin h~lw and we write z = sin h™lw.

Similarly, we define cos h™lw, tan h™ 1w etc.
Case I. Let w =sin hz

where w and z both are unagmary numbers given by w = u + iv and
z=x+ iy, then z = sin h™1w.

1
NOW, w_SlnhZ"‘—(ez Z) %(z—_z)
e

22 _2we? —1=0.
“Treating this as a quadratic in e?, we get

e? = ZWiq4W‘f‘—w+_\j—1

z=2mti+log(w"lw +1)
or, z=2nmi + log (w-—Vw2+I). _
Sincew-,—\/wg-;-f:,(w— w, f‘.l)x(wt. B +I)
~(ip+\/w2+1) :
‘w+\/w2+_1_ -
| lf)g (w- Vw2 + 1)’= log (—1)—log (w+\]w2+I)

,‘1-171 1og(w+'\’ 2 1)
Thus, 2= 2nmi+ log (w+ VT3 Ty

or, z= @n+1)in - Iog(w+\‘ 2, 1) -
=(2n + Djin + (-1 )2"+1log (w+\1w2+-1—).




Both the values of z can be included in the expression

z=nni+ (-1)"log (w + Yw* + 1)

ich i fsin h™lw.
which is the general value o —
The principal value of sin h™lw = log (w + Vw* + 1).

-1
Case Il. Let w = cos hz, then z = cos h™"w.

_l_ez -t‘=)=l e"‘+"1" .
NOWw:coshz‘=2( +e 2 -

e?Z _ 2we?+1=0.

As before e":=2wi ;w —4=wi'Vw e

Hence z = log (w + Vw? — I).

Since w — VigZ — T_(w-‘jwz—f)x(wt\ng—l)
A w+\/w2-1

1
w+Vwio1
log (w — VwE—I)=—-log(w+Vw2-—1).

Thus z=2nx + log (w + VwZ - 1) which is the general value of
cos h™ly, ang the principal value of

cos h~ 1y = log (w + \jwﬁ - 1).

Case IIl. Let = tan hz so that z = tan hlw.

v

Now w=tanhz=Sinhz-ez——e-z“ezz-l‘
: coshz-ez.,‘e"’*ez“*-l
+
e2z = 3 _:: (by componendo and dividendo)
- L 2z=2nm'+logl+w
1 -w
» z-—n"ti+ll .

which is the general value of tan h™ 1y,
The principal value of tan hlw = -él- log : i ::

Similarly the general and principal values of cosec h™lw, sec h=1w
and cot A~ 1y may be obtained.




4.8 Relation between the Inverse Hyperbolic Functions

and Inverse Circular Functions
f w=sin hz
then w = —i sin (iz), since sin hz = —i sin (i)
= Iw=siniz

From (1), z = sin h™ 1w,

and from (2), iz = sin”! (iw) = z = —i sin~  (iw)
Hence sin h™lw = —i sin (jw).
Similarly,  cos h™!w = -i cos }(w),

and tan h™'w = —i tan"(iw), and so on.
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